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In (41 Katerinis proved the following: If G -x has a 2k-factor for each x E V(G), then G has 
a 2k-factor. In this paper, we prove the following generalizations. 
(1) Let p be a fixed integer with 0 <pi < iGi, and suppose g and f are non-negative 
integer-valued functions on V(G) with 0 C&X) s f (x) s C&(X). Suppose that each induced 
p+ertex subgraph H of G has a (gINI f I,)-factor, i.e... a spauning subgraph F with 
g(x) s 4(x) sf ( x ) f or all x E V(H). Then G has a (g, f)-factor, unless g = f and zrCVCG) f (x) 
is odd. 
When g = f = k for som- b integer k, the hypothesis can be weakened by requiring the 
existence of a desired factor only for the “vertex-complemeP+s” of connected subgraphs. 
(2) Let G be a connected graph and p be an integer such that O<p c IG/. Suppose k IGl is 
even and G - V(f) has a k-factor for each p-vertex connected induced subgraph P. Then is 
has a k-factor. 
1. 
Several recent papers deal with recursive factor theorems. They relate the 
existence of a factor in a graph with factors of its subgraphs. 
In this paper, we are concerned only with a factor of a finite undirected 
en we say that G is a multigraph, we allow to have loops as 
edges. A multigraph with no loops is referre 
Let G be a multigraph, and let g and f be integer-valued functions on its vertex 
set V(G). Suppose 0 s g(x) 6 f(x) s e t&(x) denotes 
the degree of x in G.) A spanning sub a (g, f)-factor if 
g(x) s d&) <f(x) for all x E V( g(x) = f (x) a!! x f VjC), a (g, f )- 
factor is simply called an f -factor. , if f = k for some integer k, an f-factor 
aterinis proved the following t 
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(Katerinis [4]). Let G be a multigraph 
Suppose G - x has a k-factor for each vertex x of G. 
and k be an even number. 
Then G also has a k-factor. 
, 
1 
me purpose of this paper is to prove the fo!lowing two generalizations of this 
theorem: 
(Section 2). Let G be a multigraph, g and f be integer-valued functions 
on V(G), and p be an integer such that 0 ep e ICI. Assume 0 <g(x) s f (x) 6 
d&x) for all x E V(G). Suppose for each p-vertex induced submultigraph H of G, 
H has a (g lH, f I&factor. Then G has a (g, f )-factor unless g(x) = f (x) for all 
x E V(G) and c xe”(GJf (x) is odd. 
(Section 3), Let G be a connected graph. Let k and p be positive 
uppose 0 e p e IG 1 and k 1 G 1 is even. If G - V(H) has a k-factor for 
each connected induced subgraph H of order p, then G also has a k-factor. 
As a special case of Theorem 2, we have 
or0 3. Let G be a connected graph with ICI> 2 and k be a positive integer. 
If G - (x, y ) has a k-factor for any pair of adjacent vertices x and y, then G also 
has a k-factor. 
As in the case of many of the other factor theorems, our proof depends heavily 
on Lovasz’ criterion for the existence of a (g, f )-factor. More specifically, what 
we shall do in the proof of both theorems is to assume that there exist subsets S 
and T of V(G) such that &(S, T) e0 (see Section 2 for the definition of 
&(S, T)), and then, in most cases, seek for an induced subgraph H for which 
&,(S n V(H), T n V(H)) e 0. 
We now give examples which show that in Theorem 2, the seemingly 
removable restrictions on G and on the type of factor are really necessary. 
if we allo=, w LAAV “1 .“.~.a-- tka -6ct~n~~ of loops : then Theorem 2 is not true. Let k be a 
Let H be a star which has a center x and two endvertices x1, x2 
e then construct G from H by attaching k loops to ,ytl and x2. 
Obviously G has no 2k-factor and 2k IG I is even. However, ilf P is a connected 
bsets of V(G) of order two, then G - P consists of a single vertex with k loops. 
ence G - P has a 2k-factor. 
f we consider f-factors, we cannot obtain a result like Theorem 2. Let G be a 
e bipartite graph with partite sets X = {x1, x2} and Y = {yl, y2, yg, ~4) 
,4). Let f be an integer-valued function on V(G) such that f (xi) = 3 
f (Yj)= 1 (i== 1, 2, 3, 4). n obviously G has no f-factor. 
respectively. The order of G is denoted by 161. Let S and T be disjoint subsets of 
V(G). We write E&S, T) for the set of edges joining S and T, and define 
e&S, T) by e&S, T) = I&(& T)l. We denote the degree of a vertex x by &(x) 
and the set of vertices adjacent to x by I&). For A c V(G), we define 
I&(A) = UxcA I+), NY(A) = ,(A) -A; we !4et (A)G denote the subgraph of G 
induced by A, and write G -A for (V(G) - A)cb A vertex x is often identified 
with {AC}. Also a subgraph W of G is often identified with V(H). In particular, we 
write G - hp for G - V(H). For Xc V(G), we szy X is connected if (X), is 
connected. We denote by K(G) the set of connected components of G. Let 4% be 
a family of sets. Then U % is the union of all elements of %: U [jll = Uvce U. 
We conclude this introductory section by listing some of the previously known 
results on factors that are similar to ours. 
core (Fraisse, Hell and Kirkpatrick [3]). Ee? uv be an edge of a multigraph 
G. If both G - u and G - v have a 2-factor, then G also has a 2-factor. 
eorem C (Katerinis [S]). Let G be a multigraph, k be an even number, f be an 
integer-valued function on V(G) and uo, ua , . . . , uka be distinct vertices of G 
such thap Us,..., uk/2 are neighbors of uo. If f(uo) = k and G - Ui has an 
f &-factor for all i, 0 s i s ik, then G has an f-factor. 
emem (Katerinis [S]). Let G be a multigraph, k be an odd number, f be an 
integer-valued function on V(G) and uo, . . . , uk be distinct vertices of G such that 
u1, u2,***, uk are neighbors of uo. If ,f(uo) = k, f(uo) af(ui) >O for all i, 
1 s i s k, and G - (ui, uj} has an f &,i,UjI-factor for all i, j, 0 s i <j s k, then G 
has an f-factor. 
eorem E (Fraisse, Hell and Kirkpatrick [3]). Let G be a multigraph and R an 
induced submultigraph of G. Let f be an integer-valued function on V(G) such 
that for some r E V(R), f ( r ) is even and f (r) s dR(r) + ec(r, R - r). If each G - r, 
r E V(R), has an flc;_p-factorF then G also has an f-factor. 
eore (Fraisse, Er”eIP and Kirkpatrick 131). Let G be a simple graph with no 
loops and no multiple edges and R an induced subgraph of G. &et f be an 
integer-valued function on V(G) such that for some p vertices r of R, f(r) is even 
and f(r) =S 2d,(r) - 2(p - 1). If for each set P of p vertices of R, G - R has an 
f lo-,-factor, then G also has an f-factor. 
section we consider multi 
re, we generalize Theorem 
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Let G be a multigraph, g and f be integer-valued functions on V(G), 
and p be integer such that 0 <p c IGl. Assume 0 e&x) s f (x) s dG(x) for all 
x E V(G). Suppose for each p-vertex induced submultigraph W of G, H has a 
(glH, f (&factor. Then G has a (g? f )-factor unless g(x) = f (x) for all x E V(G) 
and I&(G) f (x) is odd. 
As stated in Section 1, we use Lovasz’ criterion for the existence of a 
(g, f)-factor in order to prove our theorems. Let S and T be disjoint subsets of 
V(G). We define 
H&S, T) = {C E K(G - (S U T)): f (c) = g(c) for all c E C 
and z f(c) + e&C, T) is odd}, 
ccc 
MS, T) = MS, T)I 9 
and 
SC@‘, T) = c f(s) + z d,-,(t) - z g(t) - hG(S, T)= 
SES teT tcT 
(Lovjisz [6]), A multigraph G has a (g, f )-factor rf and only if 
SG(S, T) 3 0 for all pairs (S, T) of disjoint subsets of V(G). 
We henceforth adopt a convention that the symbols S and T always denote 
disjoint subsets of V(G), and, with S and T as just mentioned, the symbol U 
always denotes V(G) - (S : I T). (This convention will be carried over into 
Section 3.) 
First, we estimate the difference between SG(S, T) and 6Gex(S - x, T - x) 
(x E V(G))* 
. Let G be a multigraph, and x E V(G). 
(a) If x E S, tkn &_x(S -x, T) = S&S, 9) -f(x). 
(b) If x E T, then 9G_JS, T -x) s 6G(S, T) + g(x) - 2ec(x, T -X). 
y the definition of 
hG_# -x, T) = h& 7’). 
(S, T), &(S -X, T) = &(S, T) and 
but 
d~G_x)-~~-r~(t) = &-s)(f), 
l to the definition of 6 completes the 
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If C E H.(S, T) and e&C, x) = 0, then C E -JS, T -x). Therefore, 
h,_,(S, T -x) 3 h&5, T) - p(x). (1) 
On the other hand, 
d(t) - e&, U) - 2e&, T -x). (2) 
&_JS, T -x) s &(S, T) + g(x) + p(x) - e&x, U) - &(x9 T -x). 
Since p(x) s L3G(Xj U), we have the desired inequality. Cl 
. If R c U, then 
&--R(S, T) s &(S, T) + IWi - e&39 09 
where W={CEH& T):RnCffl)* 
ot; Since R does not disturb components of U other than those in W, 
Hc(S, T) - W c &+(S, T). Hence hG_&, T) 2 h&S, T) - IWl. The other 
terms in the definition of & are unaffected in going to &+ except hat &-,+-S 
lacks the edges between R and T. Cl 
Now we prove Theorem 1. Let X c V(G). Given S and T, we often use an 
abbreviation 6(X) to denote 6 G-X(S -X9 T - X). Note that 6(X) < 8 implies 
that H = G -X has no (glH, f (,.&factor. 
Assume that the theorem does not hold. Then there exist a 
er-valued functions g, f defined on V(G) and an integer p, 
such that 
(a) @=P<lW 
(b) 0 s&x) <f(x) 6 de(x), for a!0 x E V(G). 
(c) g(x) +f(x) fw Pome x fz l=(G) or C,,Fc&(x) is even, 
(d) If H is an induced submultigraph of G such that [Ml ==p, t
(gh f Id-factor. 
(e) G has no (g, f)-factor. 
Then there exists a partition V(G) = S U T U 6/ such that &(S, T) < 0. 
&(S9 Td={G9...9 Cr} 9 l.Jl = Ur= 1 Ci and Ii - Q. To obtain a contradrc- 
tion, we ‘want to find a p-vertex submultigraph =G-Xsuch t 
et us assume for the mo 
c S u [J with I;=Yi = I-G1 = 5 c 
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where W = { Ci 
Ci which has a 
obtain such an 
Y. et ~1. 
E &(S, T): X n Ci # 8). If for every Ci E W there is an Xi E x f7 
neighbor in T, then we have 6(X) s &(S, T) < 0. It is easy to 
X if ICI- p s ISI + I &I, because the:1 we need not include any 
vertex of Ui in X. Thus we may assume ISI + l&l < IGl -p s ISI + IUl. If it is 
shown that e,(Ci, T) > 0 for every Ci E H&S, T), then we can again easily obtain 
an X with S U U2 c X c S U U that has the desired property. 
In fact, we prove ec(Ci, T) > 0 whenever IGl -p > ISl. If the claim fails, we 
have e&C, T) = 0 for some C = Ci. Let C’ = (C E C: f(c) is odd). 
First, suppose IC” I s p. Then let H be a p-vertex induced submultigraph of 
G’ = G - S with C’ c V(41). By (d), W has a (g)HIfl&factor F. Since g =fon C 
and there are no edges between C and 6’ - C, (V(H) n C), is an f(v(crjnc- 
factor of (V(H) n C),. This implies CceCP f(c) is even. Since f(c) is evqn for all 
other vertices c of C, this makes zEECf(c) even. However, by definition 
j&f(c) is odd when e,,(C, T) = 0, a contradiction. 
Alternatively, suppose IC’l >p. If p is odd, or if: p is even and C # V(G) - S, 
then we can easily construct a p-vertex induced submultigraph H with no 
(glH,flH)-factor, contradicting (0). In the former case, let H be induced by p 
vertices in C’; in the latter case use p - 1 vertices of C’ and some vertex 
z E V(G) - (S U C). (Note that it does not imply d,,(z) = 0 since z might have 
loops.) In either case g =f on V(H) n C’ and (V(H) f7 C’( is odd. Since f is odd 
on V(H) n C’, any (glH, f(&factor F of H has zxeV(HjnCP d&) odd, which is 
impossible. 
So the only way to have e G(C, T) = 0 is if 16’1 >p, C = V(G) -S, and p is 
even. But this rapidly becomes absurd, because now h&S, T) = 1 and 
6&S, T) = &csf(.q) - 1. Sin ce we chose (S, T) with a&S, T) c 0, this requires 
g(s) =f@) = 0 for a!! s E S. Eut now g(z) =$(_Y) for a!! _?: E V(G) and 
f(x) = c f(c) = 1 (mod 2), 
XE ) CEC 
which contradicts (c). 
At this point, the only possibility is ICI -p > ISI + IUl. This means we can find 
a p-vertex submultigraph entirely within G’ = (T),. By Lemma 4 and the result 
on e&C, T) 30 above, we have 6(S U I/) CO. Since S(S U U) = ~,,&l&t) - 
g(t)), this implies &(t,,) c g(Q for some to E T. Let H be a p-vertex induced 
submultigraph of G with (to) c V(H) c T. ith d,(t(,) s d&r,,) C g(t(,), H cannot 
have a (gl&!&factor. Cl 
er graphs, which may have multiple edges but have no 
is connected and f =g = k for some positive number k, 
ca 
tS 
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Let G be a connected graph which may have multiple edges but has 
no loop. Lit k and p be positive integers= Suppose 0 <p < ICI and k jG! is even. If 
G- has a k-factor for any connected subset c V(G) of order p, thea G &o 
has a k-factor. 
re, g=f =k. So (S, T) and &(S, T) can be written as follows: 
(S, T) = {C E K(G - (S U T)): k ICI + ec(C, T) is odd} 
and 
QG(S, T) = k ISI + d,+s(t) - k ITI - hc(S, T). 
ahe graph C has a k-factor if and only if 6&S, T) a 0 for any pair of disjoint 
subsets (S, T) of V(G). also use the following fact. 
(Tutte [7]). 6&S, T) = k ICI (mod 2) for any disjuint subseti S, T of 
We prove several emmas in order to prove 
fact, but is frequently used in the proof. 
Theorem 2. The first one is an easy 
$ 5. Let G be a connected graph and be a connecte 3 dubset of V(G). 
Then for each number p satisfying IRI sp s I@I, there ex& a connected subset P 
of V(G) such that IPI =p and R c P. 
Next we claim that the assumption 
small connected component for some 
of Theorem 
x E V(G). 
.2 is not if G-x&a 
. Let G be a connected graph with no loops and let k and p be positive 
integers such that p < IG1, Suppose for some x E V(G), there exists a component C 
of G - x such that ICI 6 p. Then there existi a connected subset P of V(G) such 
that 1 PI = p and G - P has no k-factor. 
ote that both G-C and (CU{ 
OS connected, there exists a connected su 
q = ICI, such that x E V(Q), by the assumption, p a 
is con.nectr=d and 16 - Cl >p - q, we ca 
of order g-q+1 such that XEQ’. 
IPI =p. Since G - P has an isolated 
k-factor. 61 
e d~joint subsets of 
- (S U T)): &(&: to 
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and 
and 
& = (C E &(S, T): N,(C) = {to}), & = (u Ko) a {So) 
Then either (1) or (2) holds. 
(2) For any induced subgraph H of G such that Ill c V(H), 
Assume 6(U,) > 6( , t,,) 2 0 for some induced subgraph H of 6 
at UI c V(H). Let We may assume {Cl, . . . , C,) c 
&(S, T) and {C,,,, . . . , CJ n&(s . Then hG_“,,(S - UO, T - UO) = 
d(U(-J - s(a) = 2 
fET-{ro) 
d(G-“,)-S(t) - rgk-S(o + k + s 
Therefore, 
= k + s - 2d(,>(tJ - 2 e&Ci, T). 
i=l 
k + s - 2d(q(to) - 2 eG(Ci, T) > 0. 
i=l 
(3) 
On the other hand, SH(O, to) = d&,) - k - hH(0, to). For any C E & k lcl + 
e&C, T) = k ICI + eH(C, to). Therefore, hH(0, to) 2 l&l and &1(0, to) sd,(to) - 
d&J - k - I&l 2 0. 
Y (3) and (9, 
(4) 
O<s + dG(fO) - 2dt,>(to) - IK,I - 2 ec(Ci, T) 
i=l 
=S -d(T)(h) - 2 eG(Ci, T - (hII - IKIl 
i=l 
1, 1 s i SS, PIHXI ec(Ci, T - {to}) 2 I. 
e,(Cip T - {to}). 
i=P i=l 
is is a co , so the lemma follows. Cl 
aY 
t C’ . L6 
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. 
e following lemma has already been 
owever, we include the proof for the convenience of 
(Enomoto [2]). Suppose 6&S, T) <O and 
T,,m e&q T) s k - 1 for all x E U. 
shown by Enomoto [2]. 
the reader. 
(S, T) is a maximal pair. 
Suppose e&x, T) = m 2 k. 
+ CtET&-S(f) by m - k. 
n moving x to 
cfore, &(S U 
S would decrease k (S( - 
Ix)* T) 6 &(S, T) (con- 
tradicting the maximality) unless moving x decreases kc by more than m - k. 
This can only happen if x belongs to some C E f&(S, T), m = k, and after 
moving x no component of C -x belongs to (S u (~1, T). owever, this turns 
out to be impossible, because B&S U {x}, T) - S&S, T) must be even by 
‘Theorem H. Cl 
Now we prove Theorem 2. 
Assume that the theorem does not hold and let @ be a 
he assumption of Theorem 2 but has no k-factor. In order 
to obtain a contradiction we seek a connected subset P of order p, such that 
G - P has no k-factor. We take a maximal pair (S, T) of G: S&S, T) < 0. 
First consider the case where S = 0. Suppose there exists x0 5 Y(G) such that 
dc(xO) <k, and let C E K(G -x0). By Lemma 6, ICI >p, and there exists a 
connected subset P c C of order p by Lem 5. Since dc-p(xo) < k, G - P has 
no k-factor, contradicting the assumption. ence d&x) 2 k for akl x E V(G). 
Since &(O, T) = k IGl (by Theorem H) is even, 
&(0, T) = c (d,(t) - k) - h,(0: T) s -2 
tET 
and we have h&I, T) 2 2. Let Co E P8,(0, T). If IC,l ap, there exists a connected 
subset P c Co of order p by Lemma 5. By Lemma 4, a(P) 
G - P has no k-factor This contradicts the assumption. 
Lemma 5, there exists x0 E Co such that Co - x0 is tonne 
+(x0, T) s k - i. Let C be a connected component of G _ x0 such that 
Co -x0 c C. By the assumption and Lemma 6, ICI >p= Then by Lemma 5, there 
exists a connected subset _P c C of order p such that Co -x0 c P. Then 
r;ki+(~~) s +(x0, T) s k - 1 and G - P has no k-factor. This contradicts the 
assumption. 
Thus we have S # 
(G-(SUT))={A1,...,A,, 
cisl) and & sj<m). Let h be the 
ich there exists a sequence 
=k;,cY,c***cY~= (3 
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of connected subsets of V(G) with ] l+J = i satisfying: 
(a) a(x) c 0 for all 0 < i < k - 1 and 6(Y) < -k, and 
(b) for each C E K(G - (S U T)), we have either C c Y or C f7 Y = Ib, and if, 
in particular, Z&(C) 17 T n Y + 8, then C c Y. 
(This number h is well-defined, because for s E S, the sequence consisting of two 
terms fl and {s}, satisfies (a) and (b).) Note that we have h Cp by the hypothesis 
of the theorem. 
If there exists a vertex s in N,(Y) n S, the sequence obtained by adding 
Y U {s} to (5) clearly satisfies (a) and (b) - contradicting our maximum choice of 
h. Therefore, 
N,((Y)nS=0. (6) 
Suppose that there exists Ai such that Nc( Y) n Ai # 8 and Ai n Y = 8. Then by 
Lemma 4, 6(Y U 2) s d(Y) + 1 < -k -t- I s 0 for each subset Z of Ai. 
Furthermore? since Y satisfies (b), we have a(Y UAi) s (r(Y) < -k by the 
definition of the Ai’s. Consequently, we can extend (5) to a longer sequence 
satisfying (a) and (b) whose last term is Y U Ai, a contradiction. Thus 
N’(Y) n Ai = 0, for all Ai with Ai fl Y = 4). (7) 
Similarly, if there exists Bi such that N,(Y) n Bi + 8, Bi n Y = 0 and N,(&) n 
(S - Y) # 8, then we obtain a longer sequence having Y U Bi U {s} as its last 
term, where s is a vertex in N,(Bi) n (S - Y). Therefore 
&(Y) n Bi = 0, for all Bi with Bi fI Y = 0 and N,(h) f-l (S - Y) # 0. (8) 
Now assume that there exists t E N,(Y) n T, and iet 
K,= {Ai: Ai fI Y ~8, EG(Ai, t)#@I, Do = (U Ko) u It). 
Then by Lemmas 3 and 4, S( Y U 2) s 6(Y) + k < 0 for each connected subset 2 
of Do containing t. If there exists s E N&IO) n (S - Y), then 6(Y U Do U {s}) s 
S(x U Do) - k < -k, and therefore, we can extend (5) up to Y U Do U {s}, a 
contradiction. Thus NC(&) n (S - Y) = 0. Let 
~1={Ai~Ko:fd,_y(Ai)n T=(t), AiE&-Y(S-Y, T-Y))* 
Dl = (U&I u itI* 
pplying Lemma 7 to G - Y, we have 6(Y U Do)6 S(Y) or 
owever, the former 
only possibility. By (7), no edge joins U KI and Y; 
observation just made. 1 SpP we have a contradic- 
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&.,(& p) < 0, and H has no k-factor, a contradiction. Thus it is shown that 
NC(Y) 9 T = 8. 
-L together with (6), (7) and (8) implies S U T c Y. hbw (b) implies that 11113 
G-Ycanbewrittenas’~x r . * 
V(G) - Y = fi BJ, 
i=l 
where {Bi, . . . , Bh} c {B,, . . . , Bm}. 
I% iB;l= l . l = k IBfv) = 1 (mod 2) 
and 
k IBj,,+,l = l l l =k IBhI=O (mod2). 
Since ~(Y)=~~_,(~,~~--N<-k, N>kal. Let Y’=YUB1. Then Y’is 
connected. If p s BY’l, we can take a connected subset F of order p such that 
Y c P c Y’. Since deleting Y disturbs none of {&, . . . , B,}, &i(P) s -N + 1 < 
0, a contradiction. Hence we have p > ]Y’l. Take a connected subset 2 of order 
lY’l--1 such that YcZcrY’ and let {6}=Y’-Z. Since YcZ, G-b is 
connected. Since p s ICI- 1, there exists a connected subset P of order p such 
that Z c P c V(G) - {b}. Then b is isolated in G - P. Therefore, G - P has no 
k-factor since G has no loop. Here we have a final contradiction and the proof of 
Theorem 2 is complete. Cl 
The authors sincerely express their gratitude to the referees for helpful 
comments and valuable suggestions towards the improvement of this paper. 
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